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Annular Plate under a Transverse Line Impulse
ALEXANDER L. FLORENCE*

Stanford Research Institute, Menlo Park, Calif.

This paper contains three approximate solutions for finding the permanent edge deflection
of an annular plate. The plate, clamped at the inner boundary, free at the outer, is subjected
to a uniform transverse impulse on a narrow annular area at the outer edge. The material is
assumed to have a rigid-plastic behavior and to deform according to the Tresca yield condition
and associated flow rule. Since the problem is complicated when bending and membrane
actions are included, it is represented as one of three less complicated subproblems, each of
which is then made tractable by means of approximations. In the first of these, the usual
procedure of considering bending alone is adopted. In the second, yielding is assumed to
occur in the form of a limited interaction, that between the circumferential components of
bending moment and membrane force. In the third, membrane forces alone are considered.
Finally, experiments are described, and the results in the form of plate edge deflections are
compared with the three different theoretical predictions. For large deflections, results indi-
cate a great improvement over the bending theory when membrane action is included.

Introduction

THE problem treated here is the determination of the
permanent deformation of an annular plate that is

clamped at its inner boundary of radius a and free at its outer
boundary of radius R, where a uniform transverse impulse is
applied on a narrow annular area of width R — R0 (Fig. 1).
The material is assumed to have a rigid-plastic behavior and
to deform according to the Tresca yield condition and as-
sociated flow rule. In view of the complications that arise
when both bending and membrane actions occur as the plate
deforms, the problem is represented in turn as one of three
less complicated subproblems. In the first of these it is
assumed that the bending action predominates so that the
membrane forces are neglected. This is called the bending
solution. In the second, some account is taken of the mem-
brane action of the plate by assuming that the yield condition
involves an interaction between the circumferential com-
ponents of the bending moment and membrane force. This is
called the limited interaction solution. Finally, the third
problem assumes predominance of membrane forces so that
the bending moments are neglected. This is called the
membrane solution.

In each case the same mechanism of deformation is used,
consisting of a traveling plastic hinge circle originating at the
edge of the loading at radius r = R0 and ending at the clamped
support at r — a. After this first phase of motion the hinge
circle is assumed to remain at the support until the plate mo-
tion ceases. A further simplification is achieved in the second
and third problems, in which membrane forces are acting, if,
for the purposes of deriving the momentum equations, the
annular part of the plate outside of the hinge circle is approxi-
mated by a shallow cone. This assumption was suggested by
the final deformed shapes obtained in experiments that will
be described later.

An approximation common to all of the solutions is that the
initial velocity distribution plotted along a radius is zero for
a < r < RQ and triangular for RQ < r < R, going from zero at
r = RQ to a maximum at r = Zt^,such that the momentum
equals applied impulse. During motion the velocity distribu-
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tion remains triangular, since elemental sectors of plate are
assumed to rotate as rigid bodies about their intersection with
the hinge circle.

All of the preceding assumptions are made to simplify the
analysis and to allow the derivation of formulas for the
permanent deflection that may be useful for engineering ap-
plications. The predicted deflections are compared with
those from experiments in which aluminum plates are sub-
jected around their rims to impulses generated by explosive.

Bending Solution

Hopkins and Prager1 and Wang and Hopkins2 have thor-
oughly examined the subject of dynamic plastic deformation
of circular plates of rigid-plastic material, obeying the Tresca
yield condition and the associated flow rule. In these ref-
erences, the bending action was assumed to predominate over
the membrane action, and so the latter was neglected. Con-
sequently, many of the established results, such as continuity
conditions at traveling hinge circles, can be taken over.
Shapiro3 has treated an annular plate problem similar to that
given here but with the rim given a constant velocity for a
short time.

The mechanism of plate deformation assumes that at time
t = 0, the time of application of the impulse, a plastic hinge
.circle forms at radius r = RQ, whereupon it travels inward to
arrive at the support at time t = ts, and occupies position
r = p(t) for 0 < t < ts (Fig. 2). During this first phase the
hinge circle H divides the plate into two annular regions. In
the inner region a < r < p(t) the material is assumed to be
undeformed with the governing plastic regime given by A
in Fig. 3 that expresses the Tresca yield condition in terms of
the radial and circumferential components of bending mo-
ment Mr and MB. (Positive when tendency is to cause ten-
sion in the upper layer of the plate.)

Consequently, in the region

a <r < p(t) Kr = H0 = 0 (1)

where MQ = cr0d2/4 is the fully plastic moment, CTQ being the
static yield stress, d the thickness of the plate, and %r and ice,
the radial and circumferential rates of curvature change. In
the outer region, p(t) < r < R, elemental sectors rotate
as rigid bodies about their line of intersection with the hinge
circle. From this assumed mechanism, the yield condition
and the associated flow rule are

0 < Mr < = MQ Kr = 0 (2)

The expressions (2) correspond to the plastic regime A B in
Fig. 3, with A at r = p where Mr = MQ and B at r = R where
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Fig. 1 Annular plate problem.

Mr = o. Letting the angular velocity about H of each
elemental sector be co, the velocity distribution during phase 1
is

(co(r - p) P <r < R
w(r, t) = \ (3)

(0 a < r < p
where w(r, t) is the displacement, and the dot denotes time
differentiation.

The second phase starts at time t = ts when p(ts) = a, and
the insuing mechanism of deformation assumes a stationary
plastic hinge circle at the support with the deformed elemental
sectors rotating about it as rigid bodies. Hence, the velocity
distribution is

w(ra, t) = co(r - a) a < r < R (4)

and, from the Tresca yield condition and flow rule,
0 < Mr < M0 Me = M0 xr = 0 xe * 0 (5)
In this phase the whole plate is in the plastic regime AB.

The initial conditions for the first phase are
w(r, o) = 0 a <r < R

a < r < RQ (6)
- RO) RQ < r < R

Fig. 3 Tresca yield hexagon.

Differentiating (7) with respect to time and substituting the
resulting expression for the angular acceleration co, along with
that for co from (7), in (8) gives the velocity p of the hinge
circle as a function of p. This relationship is

in which

= - /2
2(£2 - R0*)pH/4(2R + p)2

H = (R - p)2 - QR(R ~ p) +

(II)

At time t = ts, when the hinge circle reaches the support,
the rotation of the elements of an elemental sector of the plate

/
ts f aco

r a®'dt = Jr -
(p)dp

r)/(R - r)(2R - (3R + a)/(R - a)(2R
- a < r <

in which V, the initial velocity of the edge of the plate, is de-
termined as follows. Let J2 be the impulse applied per unit
area in the annular region R0 < r < R. Then, equating the
initial momentum per unit sector of plate given by (6) to the
impulse from I\ on the sector leads to V = 312,(R + RQ)/
m(2R + RQ)j where m is the mass per unit area of plate.

With the aid of relations (1-6), equations can be written for
conservation of linear momentum and of angular momentum
about r = a of a unit sector of the plate. In a convenient
form these are, during phase 1,

co = 3J2(#2 - Ro*)/m(R - p)*(2R + p) (7)

M0R = m[upF(p) - co£(pj] (8)
where
F(p) = (R - P)[2(R - p)2 - 3(R - P)(2R - a) +

m(R - a)]/6 (9)

G(p) = (R - P)*[(R - p)2 - 2(72 - p)(2R - a) +
6R(R - a ) ] / l 2 (10)

(12)

In (12), T is the time when the hinge circle reaches the element
at radius r. To evaluate the integral in (12), formulas (7)
and (11) were used to give a; and p as functions of p. Assum-
ing 6(r, ts) small enough to allow the approximation Q(r, ts) =
dw/dr, the integration of (12) with respect to r yields the fol-
lowing deflection curve f or a < r < RQ :

w(r, ts) = 72
2(#2 - £0

a)(R - r)] + 3R(r -
r)(R - a)/(2R +

r)(2R + a) -
a)(r - a)/4(2# + a)*(R - a)}/6mMQR* (13)

During the second phase, the conservation of angular mo-
mentum equation is

M0R = -mwG(a) (14)
where, according to (10), G(a) = (R - a)s(3R + a)/12. In
this phase, every element is rotating with the same angular
velocity co. Integrating (14) with respect to time gives co =
co(£s) — M0R(t — t8)/mG, where co(£s) is obtained by sub-
stituting p = a in (7). Letting t = tf be the time when mo-
tion ceases so that co(£/) = 0 gives tf — ts = w(ta)mG/M0R.
Hence, one further integration yields the rotation of the ele-
ments in phase 2, that is,

Fig. 2 Phase 1 deformation.

0(r, tf) - 6(r, ts) = 8mM0R(R - a)(2R + a)2 (15)

The deflection during phase 2 is approximately [6(r, tf) —
0(r, ts)](r - a). Adding this value to (13) gives the final
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displacement as

w(r, if) = I2
2(R2 - #o2)2Uog[(2# + r)(R - a)/(2R +

a)(R - r)] + 3R(r - a)/4(2R + a)(2R + r)}/6mM0R2

a < r < RQ (16)

Let 5 be the final edge deflection. Then

6 = w(R0, tf} + (R - RQ)d(Ro, tf) (17)'
By substituting w(RG, tf) from (16) and 0(R0j tf) from (15)
and (12) in Eq. (17), the expression for the edge deflection be-
comes

log[(2R
a)/(2R + d)(R - R0)] + (R0 - a)

a)(2R + Ro) + 3(3# + Ro)/4:(2R +
R0)2}/2mM0R (18)

Limited Interaction Solution

This is the case in which membrane and bending effects are
comparable. Each elemental sector of plate is assumed to
behave in a manner analogous to a cantilever beam with a
nonuniform cross section, except that moments Me and forces
Ne are distributed along the sides. The mechanism of de-
formation and the yield condition are assumed unaffected by
the longitudinal force (actually the radial component of force
Nr) in the cantilever. For moderate deflections and for
R/a ratios that are not large this assumption seems reason-
able, especially in the outer regions of the plate. A yield
condition is imposed consisting of an interaction between the
circumferential components of bending moment M6 and mem-
brane force Ne in the form

Me + = 1 (19)
where No = cr0d is the fully plastic thrust. This represents
an interaction of Ml and Ne acting on the cross section of an
elemental ring of the plate in a manner similar to a beam sub-
jected to bending and an axial thrust.4 The flow rule as-
sociated with (19) is

= 2MQNe/N0
2 (20)

where e# is the circumferential component of strain.
The mechanism of the bending solution is kept, but a fur-

ther assumption is made in order to simplify the analysis.
In (20), €0 and 'KB depend on the shape of the deformed plate,
so it is assumed that the shape of the annular part of the plate
outside of the hinge circle can be approximated by a shallow
cone; experimental results indicate that this assumption is not
unreasonable. In this way, ee and %e can be obtained readily
as functions of the deformation angle <£> and radius r. The
deformation angle <p (Fig. 4) is taken to be the angle between
the chord joining the point r = p to r = R at each meridional
section. Using the shallow cone (<p small) approximation,

ee = -(r - p)<P2/2r = <p/r p <r< R (21)

Substituting the expressions (21) into the flow rule (20)
gives the circumferential thrust N = — Ne in the form

N = N Q ( r - p ) < p / d P < r < R (22)

Eliminating N between (19) and (22) gives

M9 = M0[l - (r - p)V2/^2] P < r < R (23)

rft)

X CONICAL SURFACE

Fig. 4 Shallow cone approximation.

The remaining distribution of moments is taken as

0 < Mr < Mo P < r < R
Mr = Me = Mo a < r < p (24)

which is similar to that of the bending solution.
Using the results (22-24) and the shallow cone approxima-

tion, the angular momentum equation [corresponding to (8)
of the bending solution] is

M0[R + (R - = m[upF(p) - w (25)

although the linear momentum equation remains as (7).
Again F(p) and G(p) are given by expressions (9) and (10).
Eliminating co between (7) and (25) yields

R + (R - p)
- Rp2)pH

p)2 (26)

in which H = (R - p)2 - 6R(R - p) + 6#2.
The deformation angle or cone angle <p is approximately the

edge deflection divided by the length of the rotating genera-
tor R — p. Hence

— p — p p

(27)
Introducing the dimensionless variable 77 = 1 — p/R con-
verts the set of equations (7, 26, and 27) to be solved into

- 77)

1
f] J na

drj
—

where 170 = 1 — Ro/R and

h(i) - 7 7 2 - 6 7 7

(28)
(29)

(30)

(31)
Substituting o> from (28) and 77 from (29) into the integrand
of (30) gives

= <* C *
77 Jio 77(3 - T7)3(l + #VV/d2)

where
(33)

For N < No, (32) determines <p as a function of 77 and hence
of p. From formula (22), N < N0 for (r — p) <p/d < 1. In the
initial motion (p increases, and, if the impulse is large enough,
eventually (R — p)<p/d = 1. When this occurs, N = No
at the rim of the plate, and, during further deformation, the
"conical" part of the plate has two annular regions separated
by the circle of radius r = f determined by (f — p)<p/d =1.
In the outer region where the fully plastic thrust has de-
veloped N = NQ, although in the inner region N is given by
formula (22). The phase of motion or deformation, before the
fully plastic thrust is developed, will be called phase la, and
that, when it has developed, will be called phase Ib. Phase Ib
ends when the plastic hinge circle reaches the support. Note
that the condition (R — p)<p < d that is necessary in phase la
means that the edge deflection is less than the plate thickness.

An approximate solution of (32) now will be found. Dur-
ing phase la, (R<f>/d)rj < 1 so that (R<p/d)2y* < 77 < 1. If
the impulse is large enough, it is reasonable to expect rj = 1 —
p/R to remain small. In other words, the hinge circle will not
have traveled far before N = NQ. This assumption allows
the approximation [1 + (Rp/d)2^]-1 « 1 - (R<p/d)2rj*.
Small 77 also allows the approximation /&(*?) (3 — 77) ~3 ~ f.
Hence Eq. (32) may be replaced by

*»
•n

(34)
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where for brevity ^ = y<p and 0 = (R/d)2. Note that R$ is
the edge deflection of the plate.

The first and second iterative solutions of (34) are

^ = (2a/9)

= (2a/9) log(77/77o) - (8a3j8/729) [77 Iog2(77

277 log(77/W + 2(77

'ito) ->

- 1/0)])

(35)

Phase la ends when R\f/ = d. At this event let rj = 771.
The value of 771 is therefore determined from (35) after setting
if/l= d/R = /3~1/2. In particular, should the first iteration be
adequate, 77! = rjQegd/2aR.

Phase Ib describes the motion, although the region outside
of the hinge circle is divided into two regions by the circle of
radius r = f until p = a. For f < r < R, N = NQ and Me =
0, and for a < r < f formulas (22) and (23) hold. This new
distribution of forces and couples on a unit sector gives rise
to the following angular momentum equation in terms of rj
[after eliminating co from (7) ] and replaces (29):

- 77)2 (36)

(37)

1 - 7 7

The deformation angle <p is now

*7i<P = -r77 J rjl
77CO -

where <pi = d/Rf]\.
Substituting co from (28) and 77 from (36) in (37) gives

, , , fv_______h(rj)drj________ (e^
* = ^ + a L, ^ ( 3 - 7 7 ) 2 ( l - 7 7 - ' ——— ̂  (38)

wheie

ft = r)i<Pi = d/R (39)

In order to obtain a simple approximate solution of Eq. (38)
it will be assumed that, during phase Ib, the plate deforms
in such a way that the deformation angle <p varies little from
the value <pi. This approximation allows ^ to be found ex-
plicitly5 in terms of 77. However, for further simplification,
it will again be assumed that h(rf)(3 — 77) ~3 « f. The error
is at its worst toward the end of phase Ib when, for the
values J and -£% for the ratios a/R used in the experiments, the
respective errors are about 18 and 9%. The error involved
in finding ^ from (38) is much smaller because of the behavior
of the weighting functions of ^(77) (3 - 77) ~3 in the integrand.
A short discussion on the approximations used is contained in
the Appendix. With the preceding two approximations, the
solution of Eq. (38) is [set jA = ft from (39) in integrand of
(38)]

(40)(46 -

where b = 2R<Pl/d = 2rj,, f = 1 - 77 + 6772, /i = 1 - 171 +
6^2 = i + rii,c= (2677 - 1)(46 - 1)~1/2, and d = 3(46 -
1)~1/2. Phase Ib ends when p = a, 77 = 7 7 2 = ! — a/R,
<p = <p2, and \{/ = ft = ?72<£>2, the latter being obtained by
setting 77 = 772 in expression (40). The initial condition for
phase 2, which is the angular velocity co2, is found by sub-
stituting 77 = 772 in (28).

In phase 2, a sector is imagined to rotate about the support.
The plate is still divided into two parts by the circle of radius
r = f with a distribution of moments and forces similar to that
in phase Ib. The new angular momentum equation is

1 - 772 + 2R<prj^/d = ra#V(4 - 772)0? (41)

Noting that co = ^-du2/d<p and that co(<£>2) = co2, given by
(28) with 77 = 772, the integration of (41) yields the relation

= e (42)

Fig. 5 Tresca yield hexagon.

where <p$ is the deformation angle when motion ceases, that is,
to (<p3) = 0, and 9 = 6(r, tf) — 6(r, ts), given by formula (15),
is the rotation of unit sectors about the support during phase
2 in the bending solution. The final permanent edge deflec-
tion of the plate is

d = (R — a) <p3 (43)

where <p3 is the solution of (42). In (42), (p2, 0, and 771 are
given by (40, 15, and 35), respectively.

Membrane Solution

Bending stresses are now considered negligible compared
with the membrane stresses. The mechanism of the bending
solution is used along with the assumption that the shape of
the plate outside of the hinge circle can be approximated by a
shallow cone. The Tresca yield condition in terms of the
membrane components Nr and N0 is shown in Fig. 5.

At the edge of the plate Nr = 0, and, since the plate is
forced into circumferential compression there, the governing
plastic regime is the vertex C. The side EC describes the
state in some annular region extending inwards from the plate
edge. In this region,

Nr - Nd = NQ (44)

When the deflections are not too large the approximate
equation of equilibrium in the radial direction is

(d/dr)(A/;r) - Ne = 0 (45)

Solving Eqs. (44) and (45) for Nr and N0 leads to

Nr = N0 logR/r

Ne = -7Vo(l - logfi/r)

R/e < r < R

R/e <r < R
(46)

Results (46) hold until r < R/e, where e is the base of the
Naperian logarithms. At r = R/e, the plastic regime is ver-
tex B in Fig. 5, where Nr = NQ and Ne = 0. This approxi-
mate solution, therefore, only applies to plates with a/R >
1/e « 0.367. In one of the two series of experiments dis-
cussed later, a/R = 1.5/6 = 0.25, which means that, in order
to satisfy the equation of equilibrium (45) in the annulus
1.5 < r < 2.2, the yield condition (44) is violated. For the
approximation Ne = —N0(r — a)/(R — a), used later to
simplify the analysis, the value of Nr rises to 1.5 N0 at the
support.

Since the mechanism of deformation is the same as that of
the two previous solutions, the conservation of linear mo-
mentum during phase 1 is still expressed by Eq. (28). The
new angular momentum equation, using N§ from (46) acting
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carrying out the integration in (49) from 770 to rj2 yields

2/2
2(#2 - #0

2)2 1 f l 1 . 1
-1
1/oJ

Phase 2 with a stationary hinge circle at r = a is governed
by the angular momentum equation

a)(R - a)] (51)

where, in the derivation, the approximation 1 — logR/r «
(r — a)/(R — a) was again used. Setting rj = 772 = 1 —
a/R in (28) gives co2, the initial angular velocity for phase 2.
Motion ceases when a? = 0. Thus the final deformation
angle <^3, by the integration of (51), is determined by

a)2

and hence, using result (50) for <£2
2,

# 0
2 ) 2 r2 / l _ 1 JL_

'4?722 [_3 V^O ^?2 3?/2 ^?o>
9(4 -

— 772)2

The final edge deflection is therefore

5 = (R — a)(ps

(52)

(53)

Fig. 6 Experimental arrangement.

where <ps is determined by (52). Before comparing the de-
flections given by the three approximate theories, experiments
are described against which all three can be compared.

on a unit sector of plate, is

- 77)2 (47)

where h(rj) is defined by (31). In the derivation of (47), co
was eliminated by using (28), and the approximation 1 —
logR/r ~ (r — a)/(R — a) was used to simplify the analysis.

The relation (27) may be expressed in the form [<p(R —
p)]' = (R — p)co, in which the rate of the edge deflection is
equated to the velocity at the edge. In terms of 77 this rela-
tion is

co77# (48)

Eliminating p between (47) and (48) leads ultimately to

mNoR* (3772 - 77) (3 - 77) V l ;

Expanding the integrand in powers of 77 and noting that
??o < ^ < 7/2 < 1 — 1/6 ~ 0.63, it is found that two terms give
a reasonable approximation. Using only two terms then and

Experiments

Description

Figures 6 and 7 show the experimental arrangement for
applying transverse impulse loads around the rims of annular
plates. Two series of experiments were conducted using
6061-T651 aluminum plates, 12 in. in diameter and J in. thick.
In one series the support radius was !-§- in. in diameter, and in
the other it was 2-J- in. The impulse was generated by sheet
explosivef in the form of a ^-in.-wide ring placed over a simi-
lar ring of solid neoprene attenuator, -§- or -^ in. thick to prevent
spalling. To prevent the internal vertical spalls that occur
under collisions of detonation fronts and to apply the loading
as instantaneously as practicable, 16 triangular lead-in pieces
of sheet explosive, 15 mils thick, located outside of the plate
and supported on a styrofoam annulus (Fig. 7), were glued to
the ring of explosive over the plate. These triangles of
lead-in explosive were simultaneously detonated at the apices
with 5-grain mild detonating fuse.

The edge deflections recorded were averages of the de-
flections taken at many points around the plate. This

3" OR 4" diam STEEL RING

I" diam STUD

12" diam x 1/4 THICK
Al 606I-T65I PLATE

MILD DETONATING FUSE-

STEEL PEDESTAL

1/4" SOLID NEOPRENE
ATTENUATOR

ANNULAR STYROFOAM
SUPPORT

l/8"or 1/4"

SHEET EXPLOSIVE

SOLID NEOPRENE

ALUMINUM

Fig. 8 Impulse calibration arrangement.

Fig. 7 Experimental arrangement. t DuPont sheet explosive EL-506D.
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Table 1 Experimental and theoretical edge deflections

Support Experi- Impulse
radius ment /2,
a, in. no. lb-sec/in.5

8 ex

5ex, in. 61, in. 2, in. 53, in.

1.5 1
2
3
4
5
6
7
8

2.5 1
2
3
4
5

0.200
0.194
0.207
0.207
0.292
0.330
0.402
0.402
0.231
0.316
0.318
0.363
0.473

0.20
0.27
0.26
0.35
0.50
0.60
0.79
0.79
0.285
0.530
0.350
0.470
0.545

0.492
0.464
0.532
0.532
1.050
1.348
2.011
2.011
0.595
1.113
1.127
1.474
2.486

0.563
0.654
0.846
0.846
0.430
0.616
0.623
0.741
1.076

0.711
0.687
0.735
0.735
1.036
1.171
1.427
1.427
0.827
1.131
1.139
1.300
1.693

0.406
0.582
0.489
0.658
0.476
0.445
0.393
0.393
0.479
0.476
0.310
0.319
0.219

0.880
0.917
0.934
0.934
0.663
0.860
0.562
0.634
0.506

0.281
0.393
0.354
0.476
0.482
0.512
0.554
0.554
0.345
0.469
0.307
0.362
0.322

a These values are missing, because the impulse was not large enough to bring about phase Ib. The experimental data are: the material, Aluminum 6061-
T651; the yield stress <ro, 44,700 psi; the plate density p , 0.000253 Ib-sec2/in.4; the plate thickness d, J in.; the plate outside of radius R, 6 in.; the plate

port radii a, 1|, and 1\ in.; and the inner radiuseuppo us of loading Ro, 5-| in.

g 0.5

INNER RADIUS = 1.5" BENDING

_L I

IMPULSE, I2 — lb-sec/in2

Fig. 9 Impulse vs edge deflection.

averaging was necessary, because the plates exhibited a small
amount of buckling.

Standard American Society for Testing Materials (ASTM)
tensile tests were run in an Instron machine with specimens
taken along and across the rolling direction. The yield stress
was chosen as the value at the point of intersection of the two
straight lines approximating the elastic and strain-hardening
portions of the stress-strain curve. It was found that the
values of the yield stress along and across the rolling direction
were within 2% of each other, and consequently the average
value was taken. 6061-T651 aluminum was chosen because
it exhibits little strain-hardening and is strain-rate insensitive.

2.0

g 0.5

I I

INNER RADIUS = 2.5 "

IMPULSE, I2 — lb-sec/in2

In order to determine the impulses corresponding to a given
explosive-attenuator-target configuration, aluminum rec-
tangular bars 4 in. long, 1 in. wide, and -J- in. deep were pro-
jected in front of an x-ray camera, the configuration, shown
in Fig. 8, being similar to that employed in the plate experi-
ments. Two x-ray photographs taken at a known time in-
terval apart determined the vertical component of velocity,
and hence, knowing the mass of the plate, determined the im-
pulse.
Results

The results of the two series of plate deflection experiments,
differing only in the value of the support radius, are shown in
Table 1 and Figs. 9 and 10.

In Table 1, 5ex is the experimental edge deflection and <5i,
52, and <53 are those predicted by the bending interaction,
and membrane theories, respectively. They are given by
formulas (18, 43, and 53).

Observations

From the results in Table 1 and Figs. 9 and 10, the following-
observations are made:

1) The bending theory greatly overestimates the edge de-
flections when they are about twice the plate thickness and
tends to become more inaccurate for larger deflections, be-
cause membrane forces become more important. The theory
seems satisfactory for deflections about the same as the plate
thickness, although more experiments would be required to
substantiate this observation.

2) The approximate limited-interaction theory is much
better than the bending theory for predicting large edge de-
flections. It can be seen in Figs. 9 and 10 that the curves
labeled "interaction" follow the trend of experimental points
better than those curves labeled "bending." This is to be ex-

Table 2 Maximum values of Mr and Nr

Fig. 10 Impulse vs edge deflection.

a/R

0.417

0.250

/2,
lb-sec/in.2

0.221
0.295
0.368
0.442
0.516
0.221
0.295
0.368
0.442
0.516

Mr/M0

1.000
1.000
1.089
1.238
1.389
1.000
1.141
1.403
1.710
1.994

Nr/NQ

(at
r = a)

0.975
1.092
1.148
1.174
1 . 181
2.118
2.365
2.484
2.559
2.592
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Table 3 Numerical approximations

I2, Ib-
sec/in.2

0.221
0.295
0.368
0.442
0.516

171 U+171)-1 1 -m

0.328
0.188
0.142
0.121
0.110

0.753
0.842
0.876
0.892
0.901

0.672
0.812
0.858
0.879
0.890

Wm)
(3 - 77i)3

0.217
0.221
0.221
0.222
0.222

2
9

0.222
0.222
0.222
0.222
0.222

£&
0.362
0.192
0.142
0.120
0.109

52

0.416
0.575
0.768
0.995
1.256

a = 1}
52(D

0.413
0.567
0.754
0.973
1.225

52
(2)

0.430
0.612
0.786
0.993
1.194

S2

0.411
0.574
0.770
0.997
1.257

a = 2}

*«
0.408
0.566
0.756
0.976
1.228

52
(2)

0.419
0.599
0.786
0.980
1.174

pected as the interaction theory takes into account a mem-
brane action. The excellent agreement that occurs in the
first series (Fig. 9) is fortuitous. This is mainly caused by
the omitted plate strength from elastic, strain-rate, and
strain-hardening effects being compensated for by the re-
strictive yield condition imposed (no Nr, Ne interaction) and
probably by the effects of the shallow cone assumption. The
second series (Fig. 10) is more realistic because the larger
a/R ratio does not allow the radial component of the mem-
brane force to build up so much, thereby diminishing its role.
For this reason, although there are no experiments to prove
it, it is believed that the interaction theory would come
closer to reality for higher a/R ratios than those employed
here.

3) The approximate membrane theory provides better de-
flection predictions than does the bending theory whenever
the deflections are larger than four times the plate thickness.
The curves labeled "membrane" in Figs. 9 and 10 follow the
trend of experimental points with a continuing improvement
of the values of the ratios dex/ds in the first series (a = 1 -̂ in.)
as the impulse increases. The predictions are not as good
as those of the interaction theory, but the membrane theory,
does have the advantage of simplicity in the form of result
(53). The interaction curve lies below the membrane curve,
because the circumferential component of membrane force
Ne in the former is allowed to take on the value of the fully
plastic thrust NQ in the region f < r < R (Me = 0 in this
region) when the deflection is large enough. In the mem-
brane solution, however, the interaction between Ne and Nr
keeps Ne below NQ except at the rim. Furthermore, for the
a/R ratios used here, the interaction solution leads to values
of Nr and Mr (from the equilibrium equations) that are in
excess of the fully plastic thrust and moment. This situation
is worst for low a/R ratios and high impulses. To give an
idea of the range some maximum values are listed in Table 2.

4) The procedure adopted here of splitting up complicated
problems, although not providing "exact" solutions, does
provide results believed to be adequate for many engineering
purposes.

Appendix

Numerical Approximations

To give some idea of the importance of the numerical ap-
proximations used in the limited interaction problem, Table 3
has been compiled. In obtaining the solutions (35) of Eq.
(32), which describes phase la where TJQ < rj < 171, two

numerical approximations were made. The first is [1 +
(JRp/d) VI"1 « 1 - (#p/d) V- It relies on 77 being small
and is at its worst when 77 = 771 when this approximation be-
comes (1 + f7i)-1 ~ 1 — 171. The second approximation is
h(rj)(3 — 77) ~3 « •§• and is also at its worst when 77 = 771.
Comparisons can be made using Table 3 for the plates and
range of impulses considered here.

In obtaining the solution (40) of Eq. (38), two approxi-
mations were made. In the first, the value of <p in the in-
tegrand of (38) was taken constant at <p = <pi, its initial
value in phase Ib. The second approximation was again
h(ij)(3 — 77)3 ~ f and was made only to provide the simple
solution (40). The edge deflections using these approxima-
tions are listed in Table 3 under 52. If the second approxi-
mation is not made, the edge deflections 62

(1) result.5
If the integral (38) is evaluated by using <p = (pi in the

integrand, and the resulting function <p (from Simpson's
quadrature) then approximated by means of two straight
lines and again inserted in the integrand as a crude form of
iteration, use of the new tp (again from Simpson's quadrature)
leads to the edge deflections 52

(2). For the ranges of param-
eters used here, Table 3 shows no significant difference be-
tween the various deflections 52.

Finally in the interaction solution it is interesting to note
that for most values of impulse the first iteration ^1<1> for the
solution of (34) is adequate (Table 3). In these cases, 771 is
obtainable explicitly and is expressed by (35).

In the membrane solution the approximation 1 — logR/r «
(r — a)/(R — a) was used. The effect is to predict higher
deflections than those of the theory without the approxima-
tions.
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